Abstract. Given a finite holomorphic map f : X → Y between manifolds, we show that there exists a unique possible definition of kth multiple point space D k (f ) with the following properties:
Introduction
This work is about the analytic structure of multiple point spaces of finite holomorphic maps f : X → Y between manifolds. A natural definition of the kth multiple point space of f is just the closure of the set of strict k-multiple points, i.e., the k-tuples (x (1) , . . . , x (k) ) ∈ X k such that x (i) = x (j) and f (x (i) ) = f (x (j) ), ∀i = j. Unfortunately, this construction does not prove useful in the context of singularities of maps, because it does not behave well under deformations (see Example 2.2). Several authors have worked on multiple point spaces and have introduced different solutions to deal with this problem (see for instance [8, 10, 12, 13, 14] ). However, the relations between these spaces are not always clear.
In [12] , Mond gives a definition of double point space D 2 (f ) for map germs f : (C n , 0) → (C p , 0), with n ≤ p, which may be non reduced in general, and whose underlying set is given by the pairs (x, x ) such that either (x, x ) is a strict double point or x = x is a singular point. In the same paper, Mond also defines the higher multiple point spaces D k (f ), but only for corank 1 map germs. These spaces are studied in greater depth by Marar-Mond in [10] . The main result of that paper is that f is stable if and only if all the spaces D k (f ) are smooth of the expected dimension or empty, and that f is finitely determined if and only if all the spaces D k (f ) are isolated complete intersection singularities of the expected dimension or D k (f ) ⊂ {0}.
Our approach is based on the ideas of Gaffney in [4] . We show that given a finite holomorphic map f : X → Y between manifolds, there exists only one way to define D k (f ) with the following two properties: first, D k (f ) is the closure of the set of strict k-multiple points when f is stable, and second, D k (f ) is well behaved under deformations. This means that if F is an unfolding of f , then D k (F ) is a family whose special fibre is D k (f ). Then, we prove that our construction coincides with Mond's definition when k = 2 or when f has only corank 1 singularities.
The last two sections are dedicated to the double point space D 2 (f ). We look at interesting geometrical properties of this space and study in which conditions it is smooth, Cohen-Macaulay, reduced or normal. Finally, let dim X = n and dim Y = p, with n ≤ p. We prove that if dim D 2 (f ) = 2n−p, and the set of points of corank ≥ 2 has dimension < 2n − p, then D 2 (f ) can be computed as
where I ∆(Z) is the defining ideal sheaf of the diagonal in Z × Z. The result implies, for instance, that the equality holds in the following cases:
(1) p = n, (2) p = n + 1 and f generically one-to-one, (3) f stable, (4) p < 2n and f finitely determined (for map germs).
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Preliminaries
Throughout the text, by a map f : X → Y we always mean a holomorphic map between complex manifolds X and Y of dimensions n and p, respectively. Definition 1.1. Given a map f : X → Y , an unfolding of f over a pointed manifold (S, s 0 ) is any map F : X → Y, endowed with two embeddings i : X → X , j : Y → Y and two submersions α : X → S, β : Y → S, satisfying:
(1) The following diagram commutes:
(2) Let X s = α −1 (s) and Y s = β −1 (s), for any s ∈ S. Then i and j map X and Y isomorphically to X s 0 and Y s 0 . A local unfolding (at a subset A ⊆ X) is any unfolding F of the restriction of f to some open neighbourhood U ⊆ X of A.
For any s ∈ S, we write f s = F | Xs : X s → Y s .
Remark 1.2.
(1) If F is an unfolding of f , then f and f s 0 are Aequivalent. Indeed, every A-equivalence can be seen as an unfolding where S consists just of one point.
(2) If F is an unfolding of f over (S, s 0 ) and F is an unfolding of F over (T, t 0 ), then F is also an unfolding of f over (S × T, (s 0 , t 0 )). (3) Every unfolding admits the following local form: take local coordinates so that the maps i, j, α, β are given by i(x) = (x, 0), j(y) = (y, 0), α(s, x) = s and β(s, y) = s. The map F is written in such coordinates as F (s, x) = (s, f s (x)), with f 0 = f . Hence, the definition of unfolding can be seen as a global coordinate-free version of the definition of unfolding of a multigerm.
Two unfoldings F and G of f are A-equivalent as unfoldings if there exist biholomorphic unfoldings of the identity Φ :
An unfolding F of f is called trivial if it is A-equivalent as unfolding to the constant unfolding id ×f .
A multigerm f : (C n , S) → (C p , 0) is stable if every unfolding of f is trivial.
Proposition 1.4. Every finite multigerm admits a stable unfolding.
Proof. If f is finite, then it is K-finite, that is, it has finite singularity type in the sense of Mather. The result follows since any multigerm of finite singularity type admits a stable unfolding [6, Theorem 2.8].
Definition 1.5. We say that a finite map f : X → Y is stable (or A-stable) if, for any y ∈ f (X), the multigerm of f at f −1 (y) is stable.
Remark 1.7. The set Σ k (f ) may not be the closure of Σ k (f ). The map (x, y) → (x 2 , y 2 , xy) has no corank 1 points but has a corank 2 point at the origin.
Lemma 1.8. Let f : X → Y be a finite-to-one map and let n = dim X.
Proof. We proceed by induction on k: Assume first dim Σ 1 (f ) = n, then there exists a proper analytic space Z X, such that f has constant rank d < n at X \ Z. For any point x ∈ X \ Z, by the constant rank theorem, we can perform some local changes of coordinates in source and target to obtain a map of the form (x 1 , . . . , x d , 0 . . . , 0), which is not finite. This proves the case k = 1.
Then, there exists an open neighbohood U ⊆ X of x, such that the restriction g = f | Σ k (f )∩U is a holomorphic map defined on a manifold of dimension n − k + 1. Being a restriction of f , the map g is finite-to-one. Since the restriction is done precisely at Σ k (f ), it is obvious that g has rank ≤ n − k at all source points. This means dim Σ 1 (g) = n − k + 1, contradicting the induction hypothesis. Example 1.9. The previous bound is sharp, since it is exact for the map C n → C p given by
The following fact is well known (see for instance [5] ).
Notation on products of copies of X: We write elements in X k as tuples w = (x (1) , . . . , x (k) ) of points x (l) ∈ X, each one with local coordinates x (3) and denote the coordinates by
The big diagonal of X k is the subset
When working locally, we write ∆(n, k) and D(n, k) for the germs of ∆(C n , k) and D(C n , k) at 0. The ideals in O kn defining these two space germs are
Definition 1.11. We say that a map f : X → Y has normal crossings if, for any k ≥ 2, the restriction of
An easy transversality argument shows the following well known result: Proposition 1.12. Any stable map has normal crossings.
Multiple Points
, for all i = j. We denote by D k S (f ) the analytic closure of the set of strict k-multiple points of f , that is,
as a complex space with the reduced structure. If we write I ∆(X,k) and I D(X,k) for the ideal sheaves in X k of the small and big diagonal respectively, then (see the beginning of Section 6) the ideal sheaf of
where,
We have local versions of the above definitions as well: For any finite multigerm f : (X, A) → (Y, y), we take a representativef of f , defined at a small enough neighbourhood U of A. Then, we define D k S (f ) as the multigerm at
Example 2.2. Take the family of curves f t : C → C 2 , given by
The map f 0 is just a usual cusp. It is injective, and thus Let I = x 2 + t, x + x and denote by I t 0 the ideal in O 2 (variables x and x ) obtained by the substitution t = t 0 in I. Then:
As the previous example shows, the space D k S (f ) does not behave well under deformations. To avoid this problem, we need to adopt a different definition of the multiple point spaces, including some non-strict multiple points and allowing the space to be non-reduced. Before getting into the details, we show the following:
Proof. 1) By hypothesis, we have F = Ψ•F •Φ −1 , where Φ, Ψ are unfoldings of the identity in C n , C p respectively. On one hand,
On the other hand, writting Φ = (s, φ s ) with φ 0 = id,
2) Since f is a stable map and F is an unfolding of f , then F is Aequivalent to the constant unfolding (id ×f ). From (1), it follows
. This is an unfolding of both F and F . Since F and F are stable, (2) implies
Now we show that there is a unique way to define kth multiple point subspaces of X k satisfying some natural requirements. To be precise about these scheme-theoretic requirements, we need some definitions: A multiple point space structure is a rule, denoted by R k , which associates to any finite
We define the following two conditions for any multiple point space structure:
Condition M1 may be thought as R k being the simplest choice for the multiple point scheme. Condition M2 means, first, that R k behaves well under deformations and, second, that R k (f ) is determined by the multilocal behaviour of f at every collection of points. Now we show that these two conditions determine R k uniquely.
Proposition-definition 2.5. There exists a unique multiple point structure D k satisfying M1 and M2. For any finite map f : X → Y , we call D k (f ) the kth multiple point space of f . For any point w ∈ X k , the space D k (f ) is given locally around w by
where F is any local stable unfolding of f at w.
Proof. First we explain how D k (f ) is defined. We set
, where F is any stable unfolding of f . By Lemma 2.3, D k (f ) is well defined and does not depend on the choice of F . Therefore, these spaces can be glued together to get a complex space defined globally. We will write it as D k (f ) and its defining ideal sheaf as I k (f ). It follows from the definition that D k (f ) is given by
where F is any local stable unfolding of f . Now we show that the construction satisfies M1 and M2. If f is stable, then we can take F = f and hence
, so condition M1 is satisfied. Condition M2 is obvious as well. Taking local coordinates, it suffices to prove the claim for a multigerm f : (C n , A) → (C p , 0). Given any unfolding F = (t, f t ) of f , we take F(s, t, f s,t ) a stable unfolding of F . Then,
Finally, we show the unicity. LetD k be another kth multiple point structure satisfying M1 and M2. For any map f and for any local stable unfolding F of f , we have locally the following equalities:
Example 2.6. We compute the double point space of the cusp f :
Take the family of curves of Example 2.2 as an unfolding, that is, take the map germ F :
Let φ and ψ be the local changes of coordinates (t, x) → (t − x 2 , x) and (X, Y, Z) → (X − Y 2 , Y, Z). The map φ • F • ψ is a cross-cap, and therefore F is stable. The strict double point space D 2 S (F ) is defined by the ideal
The substitution t = 0 yields the double point space Example 2.7. Let A µ : (C, 0) → (C, 0) be the germ given by x → x µ+1 . To compute its multiple point spaces, we need to take a stable unfolding F of A µ . One can check (see [5] for details) that the map germ F :
is a minimal (in the sense of the number of parameters u i ) stable unfolding of A µ .
As the previous example shows, the construction of the multiple point space forces us to study maps between manifolds of arbitrarily big dimension. For double points in any corank and for k-multiple points of corank 1 map germs, this problem is adressed by Mond's ideals (Section 3 and Theorem 4.11).
Proposition 2.8. Let f : (C n , 0) → (C p , 0) be a rank r finite map germ.
(1) If f is of the form (s, x) → (s, f s (x)), s ∈ C r , x ∈ C n−r , then the projection P : C nk → C r × C k(n−r) which forgets the variables s (2) , . . . , s (k) induces an isomorphism
Proof. 1) Set Z = {(s, w) ∈ C r × C kn | w is a strict multiple point of f s } and observe that 1) is a set theoretical question, since both D k S (f ) and Z are reduced. It is obvious that P restricts to a bijection {strict k-multiple points of f } → Z.
Let γ : D → Z be a curve defined in a neighboohood of the origin of C, satisfying γ(D \ {0}) ⊆ Z. Let γ i be the coordinate functions of γ and let σ = (γ 1 , . . . , γ r ) and ω = (γ r+1 , . . . , γ r+k(n−r) ).
. By 1), we can eliminate the variables t (2) , . . . , t (k) and s (2) , . . . , (k) to obtain an isomorphic image of
Lemma 2.9. If f : X → Y is a stable map, then the set of strict k-multiple points of f is empty or a manifold of dimension kn − (k − 1)p. In particular, D k (f ) is empty or reduced and equidimensional of dimension kn − (k − 1)p.
Proof. The statement follows directly from Proposition 1.12 , taking into account that
Proposition 2.10. For any finite map f : X → Y , any integer k ≥ 2 and any point w ∈ D k (f ), all non embedded irreducible components of the germ
is obtained by intersecting D k (F ) with {s = 0}, which is a manifold of dimension r. 
Multiple points of corank 1 monogerms
In the previous section we have shown that there is a unique multiple point structure satisfying some reasonable conditions. We have also shown how to compute these structure by taking a stable unfolding and slicing the closure of its strict k-multiple points. However, the computation of the multiple point spaces can be hard in practice, as Example 2.7 shows.
In [12] Mond introduces some ideals I k (f ) for corank 1 map germs which define the multiple point spaces. These ideals are obtained directly from the original map, with no need to take any unfolding. Moreover, in [10] Marar and Mond show that stability and finite determinacy of corank 1 map germs f : (C n , 0) → (C p , 0), n < p, can be characterized by the geometry of the multiple point spaces.
Let f : (C n , 0) → (C p , 0) be a corank 1 map germ with n ≤ p. Up to A-equivalence, f can be written in the form
with x ∈ C n−1 and y ∈ C. We can think of f (x, y) as a (n−1)-parameter family of functions of one variable f x (y) = (f n (x, y), . . . , f p (x, y)). Embedding D 2 (f ) in C n−1 ×C 2 (see Proposition 2.8), a point (x, y, y ) is a double point if and only if the coefficients of the Newton interpolating polynomial of degree 1 for the points (y, f j,x (y)), (y , f j,x (y )) are equal to 0, for all n ≤ j ≤ p. These coefficients, the generators of Mond's double point ideal I 2 (f ), are the divided differences
Similarly, the triple points are (x, y, y , y ) ∈ C n−1 × C 3 such that every coefficient of the Newton interpolating polynomial of degree 2 for the points (y, f j,x (y)), (y , f j,x (y )), (y , f j,x (y )) are equal to 0 for every n ≤ j ≤ p. These coefficients are the divided differences f j,x [y, y ] and the iterated divided differences
Hence, Mond's triple point ideal is
Higher multiple ideals I k (f ) are defined analogously.
Remark 3.1. As observed by Marar and Mond [10] , the coefficients of the Lagrange interpolation polynomial provide another set of generators for the ideal defining the k-multiple points, with the advantage that they are invariant under the action of the symmetric group S k . 
Theorem 3.3. [10, Thm. 2.14] Let f : (C n , 0) → (C p , 0) be a finite corank 1 map, with n < p. Then:
Remark 3.4. As we will show in Proposition 5.3, the double point locus of a stable map may contain singularities, as long as the map has some corank ≥ 2 points. Thus, any stability or finite determinacy criterion in terms of D k (f ) for corank ≥ 2 map germs must necessarily be more complicated than the one above.
The double point ideal sheaf
In [12] , Mond gives a explicit set of generators for a double point ideal of any map germ f : (C n , 0) → (C p , 0). The aim of this section is to show (1) how these local constructions glue to global schemes for any map, and (2) that the double point structure obtained satisfies conditions M1 and M2, and thus it coincides with the double point structure of Section 2.
Proposition-definition 4.1. For any map germ f : (C n , 0) → (C p , 0), the germs f j (x) − f j (x ), 1 ≤ j ≤ p vanish on the diagonal ∆(n, 2). Therefore, they are contained in the ideal generated by x i − x i , 1 ≤ i ≤ n. In other words, for all j ≤ p, there exist some function germs α ij ∈ O 2n , satisfying
This can be expressed as the matrix equality
where α represents the p × n matrix (α ji ) and x − x and f (x) − f (x ) are taken as column vectors of sizes n and p respectively. Mond's double point ideal I 2 (f ) is the sum
The matrix α may not be unique, but I 2 (f ) does not depend on the choice of α [12, Prop 3.1].
Computing the double point space of f as explained in Proposition-Definition 2.5 can be quite difficult. However, Mond's ideal I 2 (f ) can be computed easily: A solution for the equation Now I 2 (f ) is generated in O 2n by
Lemma 4.3. Let f : (C n , 0) → (C p , 0) be a map germ and let α be as above, then α(x, x) = df x .
Proof. Let e i be the i-th vector of the canonical basis of C n . Then
Next lemma, which can be shown by elementary techniques, shows that I 2 (f ) behaves well under under A-equivalence.
Lemma 4.4. Let f and g be A-equivalent map germs with
Given a map f : X → Y and a point x ∈ X, we take local coordinates so that the germ f x of f at x is f x = ψ • f • ϕ −1 , for some biholomorphisms ϕ, ψ and some map germ f : (C n , 0) → (C p , 0). We define the ideal
Lemma 4.4 ensures that this definition does not depend on the choice of ϕ and ψ. The following lemma allows us to extend the local definition of I 2 (f ) to a global ideal sheaf of double points.
Lemma 4.5. Given a map f : X → Y and a point x ∈ X, denote by f x the germ of f at x. Let I 2 (f ) be the ideal sheaf given by some representatives of the generators I 2 (f x ) on a sufficiently small open neighbourhood U of (x, x) in X × X. The following hold:
Proof. By Lemma 4.4 we can assume X = C n and Y = C p , taking local coordinates. To show (1), we just need to shrink U so that we have representatives of the germs f j (x) − f j (x ) and of the entries of the matrix α defined on all U . Therefore, the germs of these representatives at (x , x ) produce the corresponding germs and the corresponding matrix around (x , x ).
To show (2) we need to show that the ideal generated by the germs at (x , x ) of the n × n minors of α is contained in P(f, 2) (x ,x ) . Let A be the submatrix of α obtained by picking the rows j 1 , . . . , j n of α. Let b be the vector with entries f j 1 (x) − f j 1 (x ), . . . , f jn (x) − f jn (x ). Since (x , x ) is not a diagonal point, there exists i ≤ n such that x i = x i . Let A be the matrix obtained by substitution of the i-th column of A by b. By Cramer's Rule we
The second item of the previous lemma is equivalent to [1, Lemma 2.1.17] Definition 4.6. The sheaf of double points I 2 (f ) of a map f : X → Y is defined as the glueing of the following local structures: Off the diagonal, I 2 (f ) is just the restriction of the sheaf P(f, k) to X 2 \ D(X, 2). If (x, x) is a diagonal point, then at a neighbourhood of (x, x) the sheaf is locally given by the double point ideal I 2 (f ) of the germ of f centered at x.
To glue these local structures, we need to check that, if we compute the structure locally around some point, then the stalk of this local structure at any other close enough point agrees with the structure computed at this other point. This is precisely Lemma 4.5.
Lemma 4.7. Set theoretically, V (I 2 (f )) is the union of the strict double points of f and the pairs (x, x) such that f is singular at x.
Proof. Let (x, x ), x = x a non diagonal point in X 2 . Locally, I 2 (f ) equals P(f, 2), which vanishes if and only if (x, x ) is a strict double point of f . Let (x, x) be a diagonal point in X × X, then P(f, 2) vanishes trivially at (x, x). Moreover, if α is the matrix in the definition of I 2 (f x ), by Lemma 4.3 α(x, x) equals the differential matrix of f at x. Therefore, the n × n minors of α vanish at x if and only if f is singular at x.
The following lemma, which appears in [2] , can be obtained easily from results about Cohen-Macaulay modules (see [11] for details). 
Proof. We identify the space of n × p matrices A = (a ji ) and n × 1 vectors (d 1 , . . . , d n ) T with C np × C n . Let I be the ideal in O np+n generated by the entries of Ad and the n × n minors of A. Set D = V (I) ⊆ C np × C n . It turns out that D is a Buchsbaum-Eisenbud variety of complexes (more precisely D = W (n − 1, 1), with n 0 = p, n 1 = n and n 2 = 1, in the notation of [3] ).
By [3, Thm 2.7, Lemma 2.3] D is a Cohen Macaulay subspace of C np × C n of codimension p. Now given a matrix α satisfying f (x) − f (x ) = α(x − x ), we take the map φ : C n × C n → C np × C n given by , x ), (x 1 − x 1 , . . . , x n − x n )).
We obtain I 2 (f ) = φ * (I), and the result follows directly from Lemma 4.8
We can patch the local results above to obtain the following. Proof. This is a local question at X×X. Let Z = V (I 2 (f )). At strict double points (x, x ) of f , the stalk I 2 (f ) (x,x ) agrees with P(f, 2) (x,x ) , which is generated locally by the p function germs f j (x) − f j (x ), 1 ≤ j ≤ p (where f j is the composition of f with the j-th coordinate function of Y around f (x)). Thus, Z is locally a complete intersection. Let (x, x) ∈ X × X be a diagonal point and denote f x the germ of f at x. Then, I 2 (f ) (x,x) = I 2 (f x ) and the result follows directly from Lemma 4.9. Proof. By Proposition 2.5, we only need to show that the double point structure given by I 2 satisfies conditions M1 and M2.
To show M1, let f be a stable map and denote by Z the zero set of I 2 (f ). By Theorem 4.10, Z is a Cohen Macaulay space of dimension 2n−p. Now we claim that Z is smooth out of the set C = {(x, x) | x ∈ Σ 2 (f )}. By Lemma 4.7, Z consists of strict double points of f and diagonal points (x, x), such that f is singular at x.
If (x, x) is a diagonal point with x ∈ Σ 1 (f ), then the stalk I 2 (f ) (x,x) is the double point ideal I 2 (f x ) of the corank 1 map germ f x defined by f at x and the claim follows by Proposition 3.2. If (x, x ) is a strict double point of f , then I 2 (f ) agrees with P(f, 2) locally at (x, x ) by Lemma 4.5. The claim follows since P(f, 2) = (f × f ) * I ∆(Y,2) and, for every stable map f , the restriction of f × f to X × X \ ∆(X, 2) is transverse to ∆(Y, 2) (Proposition 1.12).
By Proposition 1.10, the dimension of C is less than or equal to n − 2(p − n + 3) < 2n − p. Hence, Z is a generically smooth Cohen Macaulay space and, thus, reduced. This reduces M1 to show that Z is, set theoretically, the closure of the strict double points of f . In other words, it suffices to show that there are no irreducible components of Z consisting of points (x, x) with f singular at x. Assume that there is such a component. Then, since Z is Cohen Macaulay (and hence equidimensional), the dimension of this component is 2n − p. Therefore, the dimension of the set of singular points of f is at least 2n − p, which contradicts Proposition 1.10.
To show M2, first notice that, by Lemma 4.4, we can take local coordinates and assume X = C n , Y = C p and that the unfolding is given by F (s, x) = (s, f s (x)), s ∈ C r , with f 0 = f . Therefore it suffices to show, for any point (x, x ), the equality
where both stalks are seen as ideals in O C 2(r+n) ,(0,x,0,x ) . If x = x , then
is given by the sum of P(F, 2) (0,x,0,x ) and the ideal generated by the n + r-minors of some matrix A, satisfying
The local form of the unfolding F forces A to be of the form
Taking s, s = 0 we see that the submatrix α s,s satisfies
is the sum of P(f, 2) (x,x) and the ideal generated by the n-minors of α (0,0) , which are exactly the n + r-minors of A(0, x, 0, x ). Again the equality modulo s i , s i is immediate.
Open Problem 2.
Find an explicit set of generators of the ideal defining the kth multiple point space D k (f ), when k ≥ 3 and f has corank ≥ 2.
Properties of the double point space
Putting together Theorem 4.11, Theorem 4.10, Lemma 4.7 and Proposition 2.10, we obtain the following:
is the union of the strict double points of f and the pairs (x, x) such that f is singular at x.
The first two items of the previous theorem can be found in [9] and [14] . 0) be a finite map germ with corank f = k ≥ 2, then the embedding dimension of its double point space is
Proof. We may assume that f is of the form (x, y) → (x, f n−k+1 (x, y), . . . , f p (x, y)), with x = x 1 , . . . , x n−k , y = y 1 , . . . , y k and f j ∈ m 2 , where m stands for the maximal ideal of O 2n . Then, the ideal P (f, 2) + m 2 is generated by n − k linearly independent elements in m/m 2 . Now let α be a matrix satisfying f (x)−f (x ) = α(x−x ). The rows corresponding to the coordinate functions f j , n−k+1 ≤ j ≤ p have all entries in m. Since there are only n−k remaining rows, it follows that all the n × n minors of α are contained in m k ⊆ m 2 . We obtain edim D 2 (f ) = 2n − (n − k) = n + k.
Proposition 5.3. Let f : X → Y be stable and n ≤ p. Set theoretically, the singular locus of
In the proof of Theorem 4.11 we have shown that
, where f x 0 is the germ of f at x 0 . From 2.9 we obtain dim D 2 (f ) = 2n − p, and from Lemma 5.2, since 2n − p ≤ n < n + k, the statement follows.
Given a finite map f : X → Y , we denote by p : D 2 (f ) → X the map obtained by restricting the projection on the first coordinate X 2 → X. We define the source double point space of f as D(f ) = p(D 2 (f )), with the analytic structure given by the 0-Fitting ideal sheaf of the module p * O D 2 (f ) (see [13] for details on structures given by Fitting ideals).
Corollary 5.4. For any stable map f : X → Y with n ≤ p, the projection p :
Proof. By Proposition 2.10, D 2 (f ) is dimensionally correct. Thus, by Theorem 5.1, it is a Cohen Macaulay space. By Proposition 1.10 and Proposition 5.3, the singular locus of D 2 (f ) is empty or has dimension n − 2(p − n + 2). Hence, it has codimension ≥ p − n + 4 ≥ 4. Thus D 2 (f ) is a normal complex space by Serre's criterion [11, Thm. 23.8] . Since f is stable, the strict double points are dense in D 2 (f ) and the triple points have dimension strictly smaller. Hence p is genenerically one-to-one.
Proof. By the Mather-Gaffney Criterion (see [15] ), there exists a representative of f defined on a open neighbourhood of the origin U (denoted also by f ), such that f −1 (0) = {0} and such that the restriction f | U \{0} is stable. Then, we have Proof. If f is finite and generically one-to-one, then the dimension of the set of strict points of f is ≤ n − 1. By Lemma 1.8, the dimension of the space of pairs (x, x) with f singular at x is ≤ n − 1. The claim follows immediately from Theorem 5.1.
Another multiple point structure
The present section is devoted to the study of a different approach to the computation of multiple points. This alternative structure, was introduced for double points by Mond in [12] , where he shows that it agrees with the usual double point structure I 2 (f ), provided that f has corank 1. We will give some criteria for the equality of both structures of double points and show one example where they disagree. Therefore, we conclude that the new structure does not satisfy the properties M1 and M2.
Recall that the ideal sheaf P(f, k) defines the locus of points
It is clear that the zeros of P(f, k) may contain contain some points which are not what we defined as k-multiple points. Indeed, for any (x (1) , . . . , x (k−1) ) belonging to the zeros of P(f, k − 1), the point (x (1) , . . . , x (k−1) , x (k−1) ) belongs to P(f, k) without imposing further conditions. For instance, the zero set of P(f, k) contains always the small diagonal ∆(X, k). It seems a good idea to erase, taking multiplicities into account, the trivial copies of the diagonal which appear in the zeros of P(f, k). Locally, given two subspaces A = V (I) and B = V (J) of (C n , 0),
In order to erase B from A with multiplicity, we take the zeros of the transporter ideal I : J = {h ∈ O n | hJ ⊆ I}, (see [7] for saturation and transporter ideal). This local definition extends to the corresponding operation between sheaves which, furthermore, preserve coherence.
Definition 6.1. For any map f : X → Y , we define
We denote byD k (f ) the complex space defined by H k (f ). If f is a map germ, then we define
Lemma 6.2.
[12] For any map germ f of corank k:
Corollary 6.3. For any f : X → Y , the spaces D 2 (f ) andD 2 (f ) agree settheoretically. At the level of schemes, the ideal sheaf I 2 (f ) is a subsheaf of H 2 (f ) and they both agree outside the space
Proof. Out of the diagonal, both H 2 (f ) and I 2 (f ) agree with P(f, 2). Let (x, x) ∈ D(X, 2) be a diagonal point and f x be the germ of f at x. We have the equalities
The result follows directly from the previous lemma.
The following lemma is standard material, so we omit its proof.
Lemma 6.4. Let I, J ideals in a noetherian ring R and let be I = s i=1 q i a minimal primary decomposition, so that the associated primes of R/I are Ass(R/I) = { √ q 1 , . . . , √ q s }. Then, the associated primes of R/(I : J) satisfy:
Example 6.5. The inclusion is strict in general. Let q 1 = x 2 , y 2 and q 2 = x 2 , xy 2 , y 3 , z be primary ideals and J = x, y . The associated primes of I = q 1 ∩ q 2 are J = √ q 1 and x, y, z = √ q 2 , since q 1 ⊂ q 2 and q 2 ⊂ q 1 .
Moreover, we have J ⊂ q 2 . However, the only associated prime of I : J is J.
Proof. By Corollary 6.3, the stalks of I 2 (f ) and H 2 (f ) agree out of the space {(x, x) ∈ U × U | x ∈ Σ 2 (f )}, which is a space of dimension < 2n − p.
Again by Corollary 6.3, we have I 2 (f ) ⊆ H 2 (f ). Therefore, the space where I 2 (f ) and H 2 (f ) disagree is
Since the sheaf H 2 (f )/I 2 (f ) is coherent , we have Z = V (A nn(H 2 (f )/I 2 (f ))).
The stalks of this sheaf are
Since the zero set of a sheaf depends only of its stalks, we have the equality Z = V (I 2 (f ) : H 2 (f )). We already know that Z is contained in the diagonal. By hypothesis, D 2 (f ) has dimension 2n − p and thus, by Theorem 4.10 and Theorem 4.11, D 2 (f ) is Cohen-Macaulay, and hence equidimensional. The germ of Z at any point (x, x) ∈ ∆(X, 2) is V (I 2 (f ) x,x : H 2 (f ) x,x ) = V (I 2 (f x ) : H 2 (f x )) and, by Lemma 6.4, all the associated primes of I 2 (f x ) : H 2 (f x ) are associated primes of I 2 (f x ). It follows that Z is equidimensional of dimension 2n − p or empty. Since we have shown before that Z is a subspace of a space of dimension < 2n − p, we conclude that Z is empty.
Corollary 6.7. Assume p = n. Then I 2 (f ) = H 2 (f ) for any finite map f : X → Y .
Proof. If D 2 (f ) is empty, then the result is trivial. Otherwise, let n = dim X. Since f is finite, then dim D 2 (f ) = n and, by Lemma 1.8, we have dim Σ 2 (f ) ≤ n − 2.
Corollary 6.8. Assume p = n + 1. If f : X → Y is finite and generically one-to-one, then I 2 (f ) = H 2 (f ).
Proof. As in the previous corollary, if D 2 (f ) is empty, then the result is trivial. Otherwise, let n = dim X. If the map f is finite and generically one-to-one, then dim D 2 (f ) = n − 1. By Lemma 1.8 we have dim Σ 2 (f ) ≤ n − 2.
Corollary 6.9. Any finite stable map f satisfies I 2 (f ) = H 2 (f ).
Proof. If D 2 (f ) = ∅, then the statement follows trivially from Lemma 6.2. If D 2 (f ) = ∅, then the stability of f implies dim D 2 (f ) = 2n − p (Lemma 2.9) and we have dim Σ 2 (f ) = n − 2(p − n + 3) < 2n − p (Proposition 1.10).
Corollary 6.10. If f : (C n , 0) → (C p , 0) is a finitely determined germ and p < 2n, then I 2 (f ) = H 2 (f ) and both ideals are reduced.
Proof. By Mather-Gaffney criterion, we can find a representative f which is stable out of {0}. Then, D 2 (f ) is reduced and, by the previous corollary, I 2 (f ) and H 2 (f ) agree out of {0}. Moreover, O 2n /I 2 (f ) is Cohen Macaulay and, thus, equidimensional of dimension 2n−p > 0. As we saw in the proof of Theorem 6.6, these sheaves can only differ on some zeros of associated primes of I 2 (f ), which are spaces of dimension > 0. Therefore I 2 (f ) = H 2 (f ) Example 6.11. Let be f : (C 2 , 0) → (C 3 , 0) the 'Double Cone', given by (x, y) → (x 2 , y 2 , xy).
A straightforward computation with Singular yields I 2 (f ) = A ∩ B 1 and H 2 (f ) = A ∩ B 2 , where A = x + x , y + y , B 1 = x 2 , xx , xy, x 2 , x y , y 2 , yy , y 2 , xy + x y , B 2 = x 2 , xy, y 2 , x , y .
The ideal A defines a reduced plane, while V (B i ) = {0}. Therefore, dim D 2 (f ) = 2 and Theorem 6.6 does not apply here. Indeed, D 2 (f ) has an embedded component, namely V (B i ), and thus it is is not a Cohen-Macaulay space.
Now we show that in this situation H 2 (f ) may not behave well under deformations: Take the unfolding F : (C 3 , 0) → (C 4 , 0) given by (t, x, y) → (t, f t (x, y)), f t (x, y) = (x 2 , y 2 , xy + t(y 3 + x 3 )).
For sufficiently small t = 0, f t is A-equivalent to the map in Example 4.2. Since f t is generically one-to-one, for all t = 0 , we conclude that the map F is generically one-to-one. From Corollary 6.8 it follows I 2 (F ) = H 2 (F ) and, since I 2 (f ) behaves well under deformations, we have H 2 (F ) + t = I 2 (f ) = H 2 (f ).
